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Abstract
Given a distribution of m pebbles on the vertices of a graph G, we allow pebbling moves
consisting of taking 2 pebbles o one vertex and placing one of them on an adjacent vertex.
We dene f(G) to be the least m which guarantees the existence of a sequence of pebbling
moves that places a pebble on an arbitrary vertex. It is conjectured that f(GH)6f(G)f(H).
In this paper, this is veried in the case where G has Chung’s 2-pebbling property and H is a
complete multi-partite graph, an innite class of Lemke graphs is found, and new conjectures
are raised. c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
Given an arrangement of pebbles on the vertices of a graph G, we dene a pebbling
move to consist of removing 2 pebbles from one vertex and placing one on an adjacent
vertex. We say that we can pebble to a vertex v if, through repeated application of
pebbling moves, it is possible to reach a conguration with at least 1 pebble at v. We
dene f(G; v) as the minimum integer m which guarantees that any starting pebble
conguration with m pebbles allows pebbling to v. We dene the pebbling number of
G, denoted f(G), to be the maximum of f(G; v) over all vertices v.
Much of this paper deals with evidence supporting the following conjecture, which
rst appeared in [1].
Conjecture 1 (Graham). f(G  H)6f(G)f(H).
 E-mail address: swang@math.uchicago.edu (S.S. Wang).
0012-365X/01/$ - see front matter c© 2001 Elsevier Science B.V. All rights reserved.
PII: S0012 -365X(00)00177 -1
432 S.S. Wang /Discrete Mathematics 226 (2001) 431{438
Denition 1 (Chung [1]). A graph G is 2-pebbling if, for any arrangement of pebbles
with more than 2f(G)− q pebbles, where q is the number of vertices with pebbles in
the arrangement, it is possible, using pebbling moves, to get 2 pebbles to any vertex.
We dene odd-2-pebbling in the same way, except that q is the number of ver-
tices with an odd number of pebbles. Evidently, graphs which are 2-pebbling are also
odd-2-pebbling.
Graham’s conjecture is true if G is an odd-2-pebbling graph and H is a tree [2]
or an even cycle of at least 10 vertices [3]. (The authors of [3] only state it for G a
2-pebbling graph, but their proof works equally well for the stronger result.) In this
article we will prove that it holds when G is an odd-2-pebbling graph and H is a
complete multi-partite graph. The class of 2-pebbling graphs includes all cycles [3]
and diameter-2 graphs [4]. Heretofore, there was only one graph known to be not
2-pebbling; such graphs are called Lemke graphs. In Section 3 we will exhibit the rst
innite family of Lemke graphs.
2. Multi-partite graphs
Theorem 1. Let G be any odd-2-pebbling graph; and H any complete multi-partite
graph. Then f(G  H)6f(G)f(H).
Proof. Let v be a vertex in G and w a vertex in H . Let N be the set of vertices
connected to w and M the vertices not connected to w. If N has only one element, H is
a tree. One consequence of Moews’s results [2] is that f(GH; (v; w))6f(G)f(H;w)
for G any odd-2-pebbling graph and H a tree; we may therefore assume N has elements
h1; h2; : : : ; hn, with n> 1. If M = ;, we may eliminate all edges between vertices in N
and be left with a tree which still has the same pebbling number as H at vertex w,
so let M contain g1; g2; : : : ; gm, with m> 0. We note that f(H)>jV (H)j=m+ n+ 1.
We let Gi denote the subgraph G  fgigG  H , and Hi the subgraph G  fhig.
Finally, let W = G  fwg:
Take any arrangement of (m + n + 1)f(G) pebbles on the vertices of G  H . Let
mi denote the number of pebbles on the vertices of Gi, and ni the number of pebbles
on the vertices of Hi. Let pi denote the number of vertices in Gi which have an odd
number of pebbles. Let t denote the number of pebbles on the vertices of W . We wish
to prove that we can move a pebble to (v; w).
We proceed by induction on m. First take m = 1. If we take all of the pebbles in
G1 and pebble as many times as we can directly into H1, we can move (m1 − p1)=2
pebbles into H1, which gives us a total of (m + n + 1)f(G) − m1 + (m1 − p1)=2
pebbles in G  H − G1 = G  (H − fg1g). If we delete all edges between vertices of
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N in the graph H − fg1g = H 0, we get a tree T , with f(T; w) = n + 1. We therefore
know that f(GH 0; (v; w))6f(G T; (v; w))6f(G)f(T; w)= (n+1)f(G). Hence if
(n+2)f(G)− (m1 +p1)=2> (n+1)f(G)− 1, we can get a pebble to (v; w). We may
therefore assume that m1 + p1>2f(G) + 2.
We are able to pebble (m1 − (2f(G) − p1 + 2))=2 pebbles from G1 to H1 and
still maintain our ability to move 2 pebbles to (v; g1). Hence if n1 + (m1 − (2f(G)−
p1 + 2))=2>f(G)− 1, we can get two pebbles to (v; g1), plus one pebble to (v; h1),
and, using those three, one pebble to (v; w). So we may assume that n1 + (m1 + p1)=
262f(G).
Also, we are able to move (m1 − p1)=2 pebbles from G1 to H2. Since, by [2]
the pebbling number of the subgraph consisting of H2 and W is no more than twice
that of G, we may assume that t + n2 + (m1 − p1)=262f(G) − 1. Adding this to
our previous result gives n1 + n2 + t + m1< 4f(G). Finally, since we have su-
cient pebbles in G1 to move 2 pebbles to (v; g1), no Hi can have enough pebbles to
get one pebble to (v; hi) on its own; hence ni <f(G) for all i. Adding this for all
i> 2 to the result of our last paragraph gives t + m1 +
Pn
i=1 ni < (n + 2)f(G), a
contradiction.
For m> 1, we use our induction hypothesis on H − fgig to get that mi + pi>
2f(G) + 2 in the same manner as the rst paragraph on m = 1. Hence, using only
pebbles in Gi, we can get 2 pebbles to (v; gi). But then we have 2 pebbles at (v; g1) and
also at (v; g2), and hence we can use those to get a pebble to (v; w) via (v; h1).
3. Lemke graphs
The following graph, discovered by Lemke, is the only known example of a graph
which is not 2-pebbling.
It is easy to prove the pebbling number of this graph to be 8, but if one puts 9
pebbles at x and 1 pebble on a; b; c, and d, one cannot get 2 pebbles to vertex v.
434 S.S. Wang /Discrete Mathematics 226 (2001) 431{438
Inspired by a conjectured class of Lemke graphs [3], we dene the graph Lt to be
the following:
For i6t, the subgraph consisting of ai; bi; ci, and di is a K4.
Theorem 2. Lt is a Lemke graph for all t>2.
Proof. Our rst order of business is to calculate the pebbling number of Lt . The most
important vertices to consider are v and x. We will show that f(Lt; v)=f(Lt; x)=2t+3.
It is the case that f(Lt)=2t+3 as well, but, though it seems intuitive that 2t+3 pebbles
would suce for the other vertices, the verication is painstaking.
We rst show that f(Lt; v) = 2t+3. Take any arrangement of 2t+3 pebbles on the
vertices of Lt . Let y denote the number of pebbles at x, and ji; ki; li; mi denote the
number of pebbles at ai; bi; ci, and di, respectively. Let J =
P
i>2 ji, and let K; L, and
M be dened analogously. We note that
J + K + L+M + j1 + j2 + k1 + k2 + l1 + l2 + m1 + m2 + y = 2t+3: ()
We rst note that if we send as many pebbles as possible from x; b1; c1, and d1 to
a1, we can get at least j1 + (y + k1 + l1 + m1 − 4)=2 pebbles at a1. If we then send
all of the pebbles at a1 to a2, and then all of the pebbles at a2 to a3, we can get a
total of
J + 12(j2 − 1) + 14 (j1 − 1) + 18 (y + k1 + l1 + m1 − 4)
pebbles on the path of length t from a3 to v. We may then assume that that number
is at most 2t − 1. Replacing the ai by bi; ci, and di in the above calculations yields
K + 12(k2 − 1) + 14 (k1 − 1) + 18 (y + j1 + l1 + m1 − 4)62t − 1;
L+ 12(l2 − 1) + 14 (l1 − 1) + 18 (y + j1 + k1 + m1 − 4)62t − 1;
M + 12(m2 − 1) + 14 (m1 − 1) + 18 (y + j1 + k1 + l1 − 4)62t − 1:
Adding these four together, one gets
y
2
+ 58 (j1 + k1 + l1 + m1) +
1
2 (j2 + k2 + l2 + m2) + J + K + L+M62
t+2 + 1:
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By (), we can rewrite this as
j1 + k1 + l1 + m1 + 4(J + K + L+M)68: (1)
If we had moved pebbles from b2; c2, and d2 to a2 in the above scenario, we would
have got the following inequality:
J + 12(j2 − 1) + 14 (j1 + k2 + l2 + m2 − 4) + 18 (y + k1 + l1 + m1 − 4)62t − 1:
Repeating this 3 more times and adding yields
y
2
+ 58 (j1 + k1 + l1 + m1) +
5
4 (j2 + k2 + l2 + m2) + J + K + L+M62
t+2 + 4:
We can use (*) to rewrite this as
j1 + k1 + l1 + m1 + 6(j2 + k2 + l2 + m2) + 4(J + K + L+M)632: (2)
From (1), j1 + k1 + l1 + m1 + J + K + L + M68. From (2), j2 + k2 + l2 + m265.
Hence y>2t+3 − 13. However, if J + K + L + M>1 (say J > 0), we must have
y62t+3−9. We can deduce that ji+ki+ li+mi>4 for either i=1 or i=2; hence, we
can get a pebble to ai, and thus y62t+3 − 11. However, we now know from (1) that
J+K+L+M+j1+k1+l1+m165, and hence we have fewer than 2t+3 pebbles. There
are a small number of possibilities remaining, which can be checked individually.
We now consider f(Lt; x). Take any arrangement of 2t+3 pebbles, and let ji; ki; li,
and mi be as above. Let J =
P
i<t ji, and dene K; L and M analogously. Let w denote
the number of pebbles at v. We note that
J + K + L+M + jt+2 + jt+1 + jt + kt+2 + kt+1 + kt
+lt+1 + lt + mt+1 + mt + w = 2t+3: ()
If we send as many pebbles as possible from v to bt+2, and from at+2 to at+1, and
then send the pebbles at bt+2 and at+1 to bt+1, we can get at least
kt+1 + 12 (kt+2 + jt+1 − 2) + 14 (w + jt+2 − 2)
pebbles at bt+1. We may assume that moving all possible pebbles from bt+1 to bt , and
then from there to bt−1, yields a total of fewer than 2t−1 pebbles on the path of length
t − 1 from x to bt−1. In other words,
K + 12(kt − 1) + 14 (kt+1 − 1) + 18 (kt+2 + jt+1 − 2) + 116 (w + jt+2 − 2)62t−1 − 1:
Repeating this twice more, replacing bt−1; bt , and bt+1 by their ci and di counterparts,
yields
L+ 12(lt − 1) + 14 (lt+1 − 1) + 18 (kt+2 + jt+1 − 2) + 116 (w + jt+2 − 2)62t−1 − 1;
M+ 12(mt − 1)+ 14 (mt+1 − 1)+ 18 (mt+2+jt+1 − 2)+ 116 (w + jt+2 − 2)62t−1−1:
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Adding these three inequalities gives
3
16 (w + jt+2) +
3
8 (kt+2 + jt+1) +
1
4 (kt+1 + lt+1 + mt+1)
+12 (kt + lt + mt) + K + L+M63  2t−1 + 38 : (3)
We can also assume that if we move pebbles from v to at−1 via at ; at+1, and at+2,
we will still have fewer than 2t−1 pebbles on the path of length t − 1 from x to at−1.
Therefore,
J + 12(jt − 1) + 14 (jt+1 − 1) + 18 (jt+2 − 1) + 116 (w − 1)62t−1 − 1:
Adding this to (3) yields
w
4
+
5jt+2
16
+
5jt+1
8
+
3kt+2
8
+
1
4
(kt+1 + lt+1 + mt+1) +
1
2
(jt + kt + lt + mt)
+J + K + L+M62t+1 +
5
16
:
By (), we may rewrite this as
jt+2 + 2kt+2 + 6jt+1 + 4(jt + kt + lt + mt) + 12(J + K + L+M)65:
We see that J; K; L;M , and jt+1 must be 0, and
jt + kt + lt + mt + jt+2 + kt+265: (4)
If we had moved pebbles from bt+1; ct+1 and dt+1 to at+1 before moving pebbles to
at and at−1 in the above scenario, we would have got the following:
J + 12(jt − 1) + 14 (jt+1 − 1) + 18 (jt+2 + kt+1 + lt+1 + mt+1 − 4)
+ 116 (w − 1)62t−1 − 1:
Adding this to (3), one gets
w
4
+
5jt+2
16
+
5jt+1
8
+
3kt+2
8
+
3
8
(kt+1 + lt+1 + mt+1) +
1
2
(jt + kt + lt + mt)
+J + K + L+M62t+1 +
11
16
:
We use () to rewrite this as
jt+2 + 6jt+1 + 2kt+2 + 2(kt+1 + lt+1 + mt+1) + 4(jt + kt + lt + mt)
+12(J + K + L+M)611:
In particular, we nd that kt+1 + lt+1 + mt+165: Combined with (4), we get that
w>2t+3 − 10: There now remain only a few individual possibilities, which can be
checked one by one. Thus, we have that f(Lt) = 2t+3.
Now consider an arrangement of 2t+4 − 7 pebbles at x, and 1 pebble at each of
a1; b1; c1, and d1. We will show that it is impossible to move two pebbles to v, thus
showing that Lt is not 2-pebbling, or even odd-2-pebbling.
Dene the weight of a pebble to be 2−d, where d is the distance between the vertex
containing the pebble and v. Note that the total weight of an arrangement can never
increase by doing a pebbling move. Also note that the weight of the arrangement
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described above is 2 + 2−t−3. If we start from a vertex at distance d from v and
pebble to a vertex at distance d or further from v, we will decrease the weight by at
least 2−d. Since we only have 2−t−3 surplus weight, all of our pebbling moves must
be towards v, and if we manage to move 2 pebbles to v, the only remaining pebble
can be the one we are forced to leave at x.
The fact that there is a pebble at a1 which must be used means that we must
eventually pebble through at+2. Similarly, we must pebble through bt+1; ct+1, and dt+1
en route to bt+2. So we have 3 pebbles at bt+2 and 1 at at+2; by a weight argument,
the only other pebble is the one stranded at x. But 3 pebbles at bt+2 and one at at+2
do not allow pebbling twice to v.
4. Further questions
A stronger form of Graham’s conjecture is the following, raised in numerous places
in the literature:
Conjecture 2. f(G  H; (v; w))6f(G; v)f(H;w).
Are the two conjectures provably equivalent? All of the proofs of partial results
supporting Graham’s conjecture prove it in this form, subject to modication of the
denition of 2-pebbling to deal with specic vertices.
Since all Lemke graphs found to date are also not odd-2-pebbling, the following
seems reasonable:
Conjecture 3. Odd-2-pebbling and 2-pebbling are equivalent conditions.
A problem which should prove easier to handle deals with the strong direct product.
We dene G H to have vertices V (G) V (H), with (v1; w1) and (v2; w2) connected
by an edge if v1 and v2 are equal or adjacent, and w1 and w2 are either equal or
adjacent.
Problem. Show f(G  H)6f(G)f(H).
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